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We consider that the cosmological constant is associated with the vacuum energy density of
a particle physics model. In the path integral formalism of euclidean quantum gravity and in the
background of the Robertson Walker metric we calculate only the contribution of the matter density
to the fluctuating metric. This produces an effective term in the action that acts as a correction to
the vacuum energy density of the matter. The method leads to the observed cosmological constant
without the need of any fine tuning in the gravity or particle physics sectors.
I. INTRODUCTION
Over the years cosmological observation [1]-[9] have in-
dicated that there is in the Universe a homogeneous en-
ergy density that leads to the accelerating expansion of
the Universe. This energy density is called the cosmologi-
cal constant. Latest astrophysical data from type I super-
novae [10]-[14], from cosmic microwave background [15]-
[24], matter density [25]-[34] and gravitational lensing
[35]-[37] to enumerate only some of the results brought
even more support to the claim that a small cosmological
constant could be the only possible explanation compat-
ible to our experimental knowledge.
The main theoretical problem associated with the cos-
mological constant stems from its association with the
vacuum energy of the quantum field theory of the matter
in the gravitational field. No matter the scale at which
the QFT is considered or the values of the condensates
which are taken into account the corresponding energy
density is too large by enormous orders of magnitude as
compared to the observed one. For example [38] if the
scale of interest is the electroweak scale the vacuum den-
sity should be of the order:
ρEWv ≈ (200 GeV )4, (1)
as compared to the observed one:
ρΛ ≈ (10−12 GeV )4. (2)
A possible explanation of the small cosmological con-
stant can be found not without fine-tuning in supersym-
metry [39]-[43], string theory [44]-[46] or even in the con-
text of the anthropic principle [47]-[49]. Other possible
scenarios that may solve this issue based on modified the-
ories of gravity or considering exotic quantum effects are
listed in [50]-[52].
II. A SOLUTION FOR THE COSMOLOGICAL
CONSTANT
The Einstein action in general relativity is given by:
S =
∫
d4x
√−g
[
1
2k
(R − 2Λ) + Lm
]
, (3)
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where R is the curvature, Λ is the cosmological constant
and LM is the Lagrangian of matter. The extremum of
the action is realized by considering δSδgµν and this leads
to the Einstein equations:
Rµν − 1
2
gµνR+ Λgµν =
8piG
c4
Tµν . (4)
Here Rµν is the Ricci tensor, Tµν is the matter energy
momentum tensor and G is the gravitational constant.
The cosmological evolution of the Universe which ho-
mogenous and isotropic is described by the Robertson
Walker (RW) metric [53]:
ds2 = dt2 −R2(t)
[
dr2
1− kr2 + r
2(dθ2 + sin2(θ)dΦ2
]
.(5)
In the above equation k may take three values +1, −1, 0
corresponding to closed, open or flat geometries.
The Hubble parameter has the expression:
H(t) =
R˙(t)
R(t)
. (6)
Furthermore one can define present day density pa-
rameter for the cosmological constant as ΩΛ =
Λ
3H2 .
The astrophysical data [54]-[59] indicates that ΩΛ =
0.685 ± 0.007 at k = 0 [53]. This would correspond to
Λ ≈ 4.33 ∗ 10−66eV2.
We first integrate in the path integral formalism over
the quantum matter degrees of freedom to obtain:
Zm = exp[−
∫
d4xρ
√−g] =
∫
dΦi exp[−d4xLm], (7)
where Φi are all matter degrees of freedom, scalars,
fermions or gauge bosons.
Consider euclidean quantum gravity in the background
of the RW metric gµν → tµν + hµν where hµν is the RW
metric and tµν is the fluctuating metric to be integrated
over in the partition function. We disregard our lack of
clear knowledge of a quantum theory of gravity. We first
expand
√−g in quadratic order which yields:
√
− det[gµν ] =
√
− det[hµν ]
[
1 +
1
2
hρσtρσ −
1
4
hρσtσαh
αβtβρ +
1
8
hρσtρσh
αβtαβ
]
. (8)
2Then we consider the gravitational partition function as
follows:
Zg =
∫
dtµνµ(tµν) exp
[
−
∫
d4x
√−g 1
2k
R(g)
]
×
exp
[
−
∫
d4xρ
√
− det[hµν ][1 + 1
2
hρσtρσ −
1
4
hρσtσαh
αβtβρ +
1
8
hρσtρσh
αβtαβ ]
]
=
∫
dtµνµ(tµν) exp
[
−
∫
d4x
√
−h 1
2k
R(h)
]
×
[1 + ....corrections to R(h)]×
exp
[
−
∫
d4xρ
√
−h[1 + 1
2
hρσtρσ −
1
4
hρσtσαh
αβtβρ +
1
8
hρσtρσh
αβtαβ ]
]
. (9)
Here µ(tµν) is a measure that appears in the path integral
formalism (this can be introduced in the exponent and
then consider only the zeroth order contribution). Then,
Zg =
∫
dtµν exp
[
−
∫
d4x
√
−h 1
2k
R(h)
]
×
[1 + ....full corrections to R(h)]×
exp
[
−
∫
d4xρ
√
−h[1 + 1
2
hρσtρσ −
1
4
hρσtσαh
αβtβρ +
1
8
hρσtρσh
αβtαβ ]
]
. (10)
We integrate over all degrees of freedom tµν making
the assumption that eventual constraints that diminish
the number of degrees of freedoms that appear in the
form of gauge fixing terms are disregarded. Moreover
we do not take into account any symmetry of the met-
ric and regarded as such, a two indices tensor with 16
components.
Zg ≈ exp
[
−
∫
d4x
√
−h[ 1
2k
R(h) +
∫
d4xρ]
]
×
det
[
[−1
4
hρσtσαh
αβtβρ +
1
8
hρσtρσh
αβtαβ ](−ρ)
]
−1/2
.(11)
Note that we did not extract the factor
√−h as this is
regarded as a property of the curved lattice one may use
for this space. We leave aside the first big factor in the
square bracket of the second line of Eq. (11) and we
consider only the contribution from ρ. This leads to:
[det[ρ]]−1/2 = exp[Tr− 1
2
ln[ρ]] =
exp
[
− d4x
√
−h16
2
∫
d4p
(2pi)4
ln[ρ]
]
, (12)
where the trace is considered over the curved space and
all 16 degrees of freedom of the tensor tµν .
We consider the contribution of matter from both the
exponent in Eq. (11) and from Eq. (12) and Eq. (12) to
determine:
Zg = exp
[
−
∫
d4x
√
−h[ 1
2k
R(h) +
ρ+
∫
d4p
(2pi)4
8 ln(ρ)]
]
. (13)
The Einstein equations derived form Eq. (13) are then:
Rµν − 1
2
hµνR+ Λhµν =
8piG
c4
Tµν , (14)
where in our approach,
Λ =
8piG
c4
[ρ+ 8
∫
d4p
(2pi)4
ln(ρ)]. (15)
We use M2P =
~c
G where MP ≈ 1.22 × 1019 GeV and
natural units.
We introduceM as the ultraviolet scale of the theory in
the quantum field theoretical approach. One may write
ρ ≈ yM where y should be a dimensionless factor with
sensible value that is not fine-tuned. Then Eq. (15)
becomes:
Λ = 8pi
M4
M2P
[y +
1
2pi2
ln(y)], (16)
where
∫
d4p
(2pi)4 =
M4
16pi2 and the logarithm is written as
ln( ρM4 ).
We consider first M = MP the ultraviolet scale at the
Planck scale and secondM = 200 GeV at the electroweak
scale to solve Eq. (16) with the value of Λ taken from
astrophysical data Λ ≈ 4.33 ∗ 10−66eV2. We find that
for both cases y ≈ 0.111 and y1/4 ≈ 0.578 which shows
that this value is not tuned. Therefore no matter the
ultraviolet scale or the actual value of the QFT vacuum
of the theory such an approach may lead to the correct
cosmological constant.
III. CONCLUSIONS
In the background gauge field method one couples the
gauge theory to a classical background gauge field and
integrates in the partition function over quantum fluc-
tuations. A quantum theory that incorporates gravity
should be no exception. For cosmological theories one
just needs to couple the quantum theory with the back-
ground classical RW metric and integrate over quantum
fluctuations of the metric. The problem is that we do not
have as yet an established theory of quantum gravity.
In this work we show how one might circumvent this
problem in computing corrections to the cosmological
constant. This starts from the observation that in order
3to compute gravity corrections to the vacuum density of
a matter quantum field theory one does not really need to
know how to integrate the metric but only to lay down an
adequate path integral formalism of gravity with many
unknowns (like the actual measure, the constraints, the
gauge fixing or the boundary conditions). This is because
the actual gravitational contributions can be separated in
the formalism from the matter contributions and put in
separate terms that can be ignored at least in the first
order. It turns out that this approach can lead to a cor-
rect description of the cosmological constant without any
need of fine tuning. This is put in evidence by Eq. (16)
in the present paper.
The conclusions is that a quantum gravitational ap-
proach to the contribution of matter density can produce
the observed cosmological constant without any need to
alter to particle physics theories that are known and es-
tablished. The approach here is straightforward and well
defined and eludes the necessity of an accepted theory of
quantum gravity. Therefore it is justified from all points
of view.
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